In this paper, approximate solutions of second-order linear differential equations with fuzzy boundary conditions, in which coefficient functions maintain the sign, are investigated. The fuzzy linear boundary value problem is converted to a crisp function system of linear equations by the undetermined fuzzy coefficients method. The fuzzy approximate solution of the fuzzy linear differential equation is obtained by solving the crisp linear equations. Some numerical examples are given to illustrate the proposed method.
Introduction
Nowadays, fuzzy differential equations (FDEs) is a popular topic studied by many researchers since it is utilized widely for the purpose of modeling problems in science and engineering. Most of the practical problems require the solution of a fuzzy differential equation (FDE) which satisfies fuzzy initial or boundary conditions, therefore a fuzzy initial or boundary problem should be solved. However, many fuzzy initial or boundary value problems could not be solved exactly, sometimes it is even impossible to find their analytical solutions. Thus, considering their approximate solutions is becoming more important.
Prior to discussing fuzzy differential equations and their associated numerical algorithms, it is necessary to present an appropriate brief introduction to derivative of the fuzzy-valued function. The concept of a fuzzy derivative was first introduced by Chang and Zadeh [] , followed up by Dubois and Prade [] who used the extension principle in their approach. Other fuzzy derivative concepts were proposed by Puri and Ralescu [] and Goetschel and Vaxman [] as an extension of the Hukuhara derivative of multivalued functions. Kandel and Byatt [, ] applied the concept of fuzzy differential equation to the analysis of fuzzy dynamical problems.
The numerical methods for solving fuzzy differential equation are introduced in [-]. In , Buckley and Feuring [] presented two analytical methods for solving an nthorder fuzzy linear differential equation with fuzzy initial conditions. Their first method of solution was to fuzzify the crisp solution and then check to see if it satisfies the fuzzy differential equations with fuzzy initial conditions. The second method was the reverse of the first method; in that they firstly solved the fuzzy initial value problem and then checked to see if it defined a fuzzy function. In , Allahviranllo et al. [] obtained the approximate solution of nth-order linear differential equations with fuzzy initial conditions by http://www.boundaryvalueproblems.com/content/2013/1/212 using the collocation method. In , O'Regan et al. [] proved a super-linear result for fuzzy boundary value problems relying on a general Schauder theorem in the metric space. Meanwhile Lakshmikantham et al. [] investigated the solution of two-point boundary value problems associated with nonlinear fuzzy differential equations by using the extension principle. In , Chen Minghao et al.
[] obtained the conclusion: twopoint boundary value problems have the analytic solution only on condition that the new structure and properties to the fuzzy number are given. But for second-order fuzzy linear boundary value problems
associated with In this paper, we consider the approximate solution of a class of second-order linear differential Eq. (.) under fuzzy boundary value conditions (.), (.) and (.). Based on the undetermined fuzzy coefficients method, we convert a second-order linear differential equation to the crisp system of linear equations. Secondly, we investigate their cases according to indifferent cases of coefficient functions p(t) and q(t) from the original systems and build the corresponding crisp systems of linear equations. Then we derive a fuzzy approximate solution of the fuzzy linear differential equation from solving crisp function systems of linear equations. Finally, some examples are given to illustrate the proposed method. The structure of this paper is organized as follows.
In Section , we recall some basic definitions and results about fuzzy numbers as well as fuzzy derivative of the fuzzy-valued function. In Sections ,  and , we build crisp function systems of linear equations via analyzing different cases based on the coefficient functions of the fuzzy linear differential equation in detail. The proposed algorithms are illustrated by solving some examples in Section  and the conclusion is drawn in Section .
Preliminaries

Fuzzy numbers
Definition . []
A fuzzy number is a fuzzy set like u : R → I = [, ] which satisfies:
Let E  be the set of all real fuzzy numbers which are normal, upper semi-continuous, convex and compactly supported fuzzy sets.
Definition . []
A fuzzy number u in a parametric form is a pair (u, u) of functions u(r), u(r),  ≤ r ≤ , which satisfies the following requirements: () u(r) is a bounded monotonic increasing left continuous function, () u(r) is a bounded monotonic decreasing left continuous function,
A crisp number x is simply represented by (u(r), u(r)) = (x, x),  ≤ r ≤ . By appropriate definitions, the fuzzy number space {(u(r), u(r))} becomes a convex cone E  which could be embedded isomorphically and isometrically into a Banach space [, ] .
is the distance between fuzzy numbers u and v.
Second-order fuzzy boundary value problem
the Hukuhara-difference of fuzzy numbers x and y, and it is denoted by z = x y.
In this paper the sign stands always for Hukuhara-difference, and let us remark that
We say that f is Hukuhara differential at t  , if there exists an element f (t  ) ∈ E  such that for all h >  sufficiently small,
Definition . The second-order differential equation
with the boundary value conditions 
and it is a linear differential equation. In this paper, we discuss the approximate solution of the second-order fuzzy linear differential function boundary value problem. For simplicity, we only discuss the second-order fuzzy linear differential function with fuzzy boundary value conditions (.) and (.).
Method for solving No. 2 FBVPs
The undetermined fuzzy coefficients method
The undetermined fuzzy coefficients method is to seek an approximate solution as
where φ k (t), k = , , . . . , N , are positive basic functions whose all differentiations are positive. We compute the fuzzy coefficients in (.) by setting the error to zero as follows:
Then we substitute (.) in (.) and represent them in parametric forms, then 
In order to solve Eq. (.) with condition (.), we need to investigate the system of Eq. (.). In this section we consider two cases. http://www.boundaryvalueproblems.com/content/2013/1/212
Case 1 p(t)q(t) ≥ 0
Suppose that coefficients p(t), q(t) are nonnegative. From (.), we have
And when coefficients p(t), q(t) are negative, we have
By setting
the following system is obtained:
where
variables yield the fuzzy approximate solution (y(t, r), y(t, r)).
In the same way, when coefficients p(t), q(t) are negative, we build the corresponding system of linear equations as follows:
Case 2 p(t)q(t) < 0
Suppose that coefficient p(t) is nonnegative and q(t) is negative. From (.), we have
When coefficient p(t) is negative and q(t) is nonnegative, we have
If (.) is substituted in (.) and (.), respectively, then
(.) Equation (.) is a system of linear equations S(t)X(r) = Y (r) such that
And In the same way, when coefficient p(t) is negative and q(t) is nonnegative, we set up the corresponding system of linear equations as follows:
Method for solving No. 3 FBVPs
The undetermined fuzzy coefficients method
Similarly, we compute the fuzzy coefficients in (.) by setting the error to zero as follows:
Then we substitute (.) in (.) and represent them in parametric forms:
In order to solve Eq. (.) with Eq. (.), we need to investigate the system of Eq. (.). In this section we also consider two cases.
Case 1 p(t)q(t) ≥ 0
Suppose that coefficients p(t), q(t) are nonnegative. From (.), we have
y (t, r) + p(t)y (t, r) + q(t)y(t, r) = g(t, r),
(.) http://www.boundaryvalueproblems.com/content/2013/1/212
And when coefficients p(t), q(t) are negative, we have y (t, r) -p(t)y (t, r) -q(t)y(t, r) = g(t, r), (.) y (t, r) -p(t)y (t, r) -q(t)y(t, r) = g(t, r). (.)
If (.) is substituted in (.) and (.), respectively, then
(.)
Equation (.) is a system of linear equations S(t)X(r) = Y (r) such that
r), α(r), β(r), g(t, r), α(r), β(r)
. 
y(t, r), y(t, r)).
Similarly, when coefficients p(t), q(t) are negative, we build the corresponding system of linear equations as follows:
Case 2 p(t)q(t) < 0
Suppose that coefficient p(t) is nonnegative and q(t) is negative. From (.), we have y (t, r) + p(t)y (t, r) -q(t)y(t, r) = g(t, r), (.) y (t, r) + p(t)y (t, r) -q(t)y(t, r) = g(t, r). (.) When coefficient p(t) is negative and q(t) is nonnegative, we have y (t, r) -p(t)y (t, r) + q(t)y(t, r) = g(t, r), (.) y (t, r) -p(t)y (t, r) + q(t)y(t, r) = g(t, r). (.)
If (.) is substituted in (.) and (.), respectively, then 
(.)
Equation (.) is a system of linear equations S(t)X(t) = Y (r) such that
And 
Y = g(t, r), α(r), β(r), g(t, r), α(r), β(r)
y(t, r), y(t, r)).
Similarly, when coefficient p(t) is negative and q(t) is nonnegative, we extend the corresponding system of linear equations as follows:
Likewise, for Eq. (.) with fuzzy boundary conditions (.), the following results are obvious.
Approximate solutions of second-order FLBVPs
The 
S(t)X(r) = Y (r). (.)
In the process of solving Eq. (.) by setting t = q, q ∈ [a, b], no matter whether it is consistent or inconsistent, we obtain the minimal norm least squares solution [] by using the generalized inverse of the coefficient matrix S, i.e.,
Thus we get
Therefore, we obtain the fuzzy approximate solution of the original fuzzy linear differential equation as follows:
(.) http://www.boundaryvalueproblems.com/content/2013/1/212
Numerical examples
Example . Consider the following second-order fuzzy linear differential equation:
The exact solution is as follows:
From (.), we build the following system: Form Tables ,  , , ,  and , we know that the approximate solutions obtained from the proposed method are best close to the exact solutions of original linear deferential equations with fuzzy boundary value conditions.
Conclusion
In this paper the approximate method similar to the undetermined coefficients method, based on a positive basis for solving second-order fuzzy linear boundary value problems, was discussed. Three classes of boundary conditions and the general case were considered. According to the sign of coefficient functions of the fuzzy linear differential equation, the http://www.boundaryvalueproblems.com/content/2013/1/212 
